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This paper investigates the general roughness bounds for rough set operations. Compared with set-oriented rough sets,
the results prove that the same upper bound of the roughness for the union, diﬀerence and complement operation could be
determined by the roughness of the two operand sets. However, the lower roughness bounds of set-oriented rough sets
operations do not hold for other rough sets. We provide an example to show the derived bounds from the operand’s
roughness.
 2008 Elsevier Inc. All rights reserved.
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Rough set theory focuses on the uncertainty caused by indiscernible elements with diﬀerent values in deci-
sion attributes. The uncertainty of a rough set could be measured by its roughness. Therefore, it is important
that we consider the roughness of a rough set to have some understanding of the results in any decision mak-
ing system. A greater roughness indicates more indiscernible elements in the set, and thus shows less certainty
of the set. The value of roughness indicates the reliability of the decision of the corresponding information
system. Knowing some bounds of this roughness before implementing the set operations can be important.
Much research has been carried out on rough set theory, applications and their combination with fuzzy sets
[3–6,8,9,13–16,21,22,19]. As for roughness, there has been some research on the roughness of fuzzy sets
[1,2,24]. In previous work, we derived the roughness bounds in rough set operations based on properties of
set-oriented rough sets [18]. However, some properties of set-oriented rough sets are not applicable to other
rough sets, such as operator-oriented rough sets [21]. Therefore, it is necessary to investigate the roughness
bounds for ordinary rough sets. Here we extend our investigation to ordinary rough sets and derive the rough-
ness bounds for operations between ordinary rough sets.
The next section of this paper presents a brief introduction to rough approximation and roughness.
Section 3 describes the roughness bounds using properties of set-oriented rough sets. Section 4 investigates0888-613X/$ - see front matter  2008 Elsevier Inc. All rights reserved.
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show the derived bounds from operand’s roughness. Finally, Section 6 discusses the results and considers
further work.
2. Rough approximation and roughness
In this section, we provide a brief introduction to rough set concepts from the relevant literature that is
needed for the rest of this article.
An information system [6] K is deﬁned by a pair ðU ;AÞ, where U is a non-empty, ﬁnite set of objects called
the universe and A is a non-empty, ﬁnite set of attributes K ¼ ðU ;AÞ. Every attribute a 2 A of an object has a
value. An attribute’s value must be a member of the set V a which is called the value set of attribute a:
a : U ! V a. Given an information system ðU ;AÞ and subset B  A, B determines a binary relation IðBÞ on
U : ðx; yÞ 2 IðBÞiff aðxÞ ¼ aðyÞ for every a 2 B, where aðxÞ denotes the value of attribute a for element x.
IðBÞ is the indiscernibility relation [12]. An equivalence class of IðBÞ is denoted by BðxÞ. By means of equiv-
alence class, we can describe a set using approximation.
Deﬁnition 1 (Approximation [12]). K ¼ ðU ;AÞ is a given information system, X  U is a set. For a given set
B  A, the set X is approximated with two sets BðX Þ and BðX ÞBðX Þ ¼
[
x2U
fBðxÞ : BðxÞ  Xg
BðX Þ ¼
[
x2U
fBðxÞ : BðxÞ \ X 6¼ ;ghere, BðxÞ refers to an equivalence class of IðBÞ containing x. BðX Þ and BðX Þ are called B-lower and B-upper
approximation of X, respectively.
The B-lower approximation contains objects that are known to be members of X. The objects in the set of
the B-upper approximation are possible members of X.
The approximation of rough sets has the following properties [10,11]:
 BðX Þ  X  BðX Þ.
 Bð;Þ ¼ Bð;Þ ¼ ;.
 BðUÞ ¼ BðUÞ ¼ U .
 BðX [ Y Þ ¼ BðX Þ [ BðY Þ.
 BðX \ Y Þ ¼ BðX Þ \ BðY Þ.
 X  Y ) BðX Þ  BðY Þ and BðX Þ  BðY Þ.
 BðX [ Y Þ  BðX Þ [ BðY Þ.
 BðX \ Y Þ  BðX Þ \ BðY Þ.
 Bð:X Þ ¼ :BðX Þ.
 Bð:X Þ ¼ :BðX Þ.
 BðBðX ÞÞ ¼ BðBðX ÞÞ ¼ BðX Þ.
 BðBðX ÞÞ ¼ BðBðX ÞÞ ¼ BðX Þ.
A rough set represented by BðX Þ and BðX Þ becomes a crisp set if BðX Þ ¼ BðX Þ. Therefore, the roughness
of a rough set comes from the diﬀerence between its lower and upper approximations. The B-boundary region
is deﬁned as the diﬀerence between the upper and the lower approximation [12] BNBðX Þ ¼ BðX Þ  BðX Þ.
This is the set of objects which have an unknown relationship with X. The relative size of a B-boundary
set with respect to the B-lower and B-upper sets has signiﬁcant inﬂuence on the uncertainty of the set as a
whole. In rough sets, the accuracy of approximation is deﬁned to measure this signiﬁcance [6]. If K ¼ ðU ;AÞ
is an information system, X  U and B  A, BðX Þ and BðX Þ are B-lower and B-upper approximation of
X with respect to B, the accuracy of approximation is deﬁned as aBðX Þ
870 Y. Yang, R.I. John / Internat. J. Approx. Reason. 48 (2008) 868–878aBðX Þ ¼ jBðX ÞjjBðX Þj
where X 6¼ ;, jBðX Þj and jBðX Þj are the cardinalities of BðX Þ and BðX Þ, respectively.
Roughness [11] is a complementary concept to the accuracy of approximation. Roughness of a set X in
information system K ¼ ðU ;AÞ is reﬂected by the ratio of the number of objects in its B-boundary to that
in its upper approximation.
Deﬁnition 2 (Roughness [11,18]). The roughness RBðX Þ for a set X approximated by BðX Þ and BðX Þ is
deﬁned as the signiﬁcance of the uncertain elements to the set. This signiﬁcance can be expressed as the ratio
between the cardinalities of boundary set BNBðX Þ and B-Upper approximation BðX ÞRBðX Þ ¼
jBNBðX Þj
jBðX Þj ¼
jBðX Þj  jBðX Þj
jBðX ÞjThe roughness of a rough set is, in some sense, the amount of uncertainty of the underlying set. A rough-
ness of 1 shows that we have no certain knowledge on the underlying set, and a roughness of 0 means we know
everything for sure about the underlying set. It is obvious that there is a relationship between the roughness
RBðX Þ and accuracy aBðX Þ of a rough setRBðX Þ ¼ 1 aBðX Þ
So far, our discussion is applicable to rough sets in general. The next section focuses on a speciﬁc interpreta-
tion of rough sets – set-oriented rough sets.
3. Roughness bounds with restricted rough set properties
In this paper, two diﬀerent notions of rough sets are employed: set-oriented rough sets and rough sets as
deﬁned by Pawlak [10] (what we call ordinary rough sets). By set-oriented rough sets, we refer to those subsets
of ordinary rough sets which satisfy some special properties in addition to the properties listed in Section 2. In
contrast, an ordinary rough set does not necessarily satisfy those special properties. We now give these special
properties of set-oriented rough sets.
The subsets X 1, X 2 of U are such that the following properties are satisﬁed.
 Union
BðX 1 [ X 2Þ ¼ BðX 1Þ [ BðX 2Þ; BðX 1 [ X 2Þ ¼ BðX 1Þ [ BðX 2Þ Intersection
BðX 1 \ X 2Þ ¼ BðX 1Þ \ BðX 2Þ; BðX 1 \ X 2Þ ¼ BðX 1Þ \ BðX 2Þ Diﬀerence
BðX 1  X 2Þ ¼ BðX 1Þ  BðX 2Þ; BðX 1  X 2Þ ¼ BðX 1Þ  BðX 2Þ Complement
Bð:X 1Þ ¼ :BðX 1Þ; Bð:X 1Þ ¼ :BðX 1ÞIn this paper, set-oriented rough sets refer to those rough sets satisfying these properties. There are many
diﬀerent interpretations of the notion of rough sets (e.g. [4,17,20,23,21]). As proposed in [21], two related and
distinct views could be used to interpret the theory of rough sets: operator-oriented and set-oriented rough
sets. Both interpretations share the same notion of approximation spaces and the induced lower and upper
approximations. Their diﬀerence lies in the ways in which the lower and upper approximations are interpreted.
Each of them captures diﬀerent and important concepts of rough sets. In set-oriented rough sets, a rough set is
deﬁned as a pair of deﬁnable sets [4,10,21].
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Theorem 1. The following inequality holds for the roughness of the union of two sets X ¼ X 1 [ X 2RBðX 1Þ þ RBðX 2Þ  1 6 RBðX Þ 6
1 RBðX 1ÞRBðX 2Þ
2 RBðX 1Þ  RBðX 2ÞTheorem 2. The roughness of the difference set of two sets satisfies the following rules, where X ¼ X 1  X 2,
s ¼ jBðX 2ÞjjBðX 1Þj and s ¼
jBðX 2Þj
jBðX 1Þj
 If jBðX 2Þj 6 jBðX 1Þj, then
RBðX 1Þ þ ðRBðX 1Þ  1Þs
1þ ðRBðX 1Þ  1Þs
6 RBðX Þ 6 RBðX 1Þ þ s If jBðX 2ÞP jBðX 1Þj and jBðX 2Þj 6 jBðX 1Þj, then
RBðX 1Þ þ ðRBðX 1Þ  1Þs
1þ ðRBðX 1Þ  1Þs
6 RBðX Þ 6 1 If jBðX 2ÞjP jBðX 1Þj and jBðX 2ÞjP jBðX 1Þj, then the roughness of approximation of operands can not
bound the roughness of approximation for the difference set under this situation.Theorem 3. The roughness of approximation for a complement set of a set can be represented as0 6 RBð:X Þ 6 s
where s is the ratio between the cardinalities of the B-upper approximations of X and U: s ¼ jBðX ÞjjBðUÞj.
For the intersection of two sets, the roughness for the resultant rough set is determined not only by the
roughness of the two operand sets, but also the distribution of the two lower approximation of the two oper-
and sets.
Compared with the properties of ordinary rough sets approximation in Section 2, some properties required
for these bounds do not hold for ordinary rough sets. In the next Section, we derive the general roughness
bounds for ordinary rough sets.4. Roughness bounds of ordinary rough sets
Zhang et al. gave deﬁnitions for these operations on ordinary rough sets [24].
 Union
BðX 1 [ X 2Þ ¼ BðX 1Þ [ BðX 2Þ [ ZX 1ðX 2Þ
BðX 1 [ X 2Þ ¼ BðX 1Þ [ BðX 2Þ Intersection
BðX 1 \ X 2Þ ¼ BðX 1Þ \ BðX 2Þ
BðX 1 \ X 2Þ ¼ BðX 1Þ \ BðX 2Þ  ZX 1ðX 2Þ Diﬀerence
BðX 1  X 2Þ ¼ BðX 1Þ  BðX 2Þ
BðX 1  X 2Þ ¼ BðX 1Þ  BðX 2Þ  ZX 1ð:X 2Þ
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Bð:X 1Þ ¼ U  BðX 1Þ
Bð:X 1Þ ¼ U  BðX 1ÞHere, ZX 1ðX 2Þ and ZX 1ðX 2Þ are deﬁned asZX 1ðX 2Þ ¼
[
fBðxÞjx 2 LðX 1Þ; lX 1ðxÞ 6 X 2; hX 1ðxÞ  X 2g
ZX 1ðX 2Þ ¼
[
fBðxÞjx 2 LðX 1Þ; lX 1ðxÞ \ X 2 ¼ ;; hX 1ðxÞ \ X 2 6¼ ;gHere, the hX 1ðxÞ, lX 1ðxÞ and LðX 1Þ are deﬁned as
hX 1ðxÞ ¼ BðxÞ  X 1; lX 1ðxÞ ¼ BðxÞ  hX 1ðxÞ
LðX 1Þ ¼
[
fLX 1ðxÞjx 2 BNBðX Þ \ X 1gBecause of the existence of ZX 1ðX 2Þ and ZX 1ðX 2Þ, Theorems 1 and 2 cannot be applied to ordinary rough sets.
4.1. Union of ordinary rough sets
If we wish to determine the union of two set-oriented rough sets, the B-lower approximation of the new set
is expressed as the union of the two B-lower approximations (similarly for the B-upper approximation). How-
ever, this may not hold for other rough sets. In general, for the roughness of the union of rough sets, we have
the following theorem.
Theorem 4. The following inequality holds for the roughness of the union of two sets X ¼ X 1 [ X 20 6 RBðX Þ 6
1 RBðX 1ÞRBðX 2Þ
2 RBðX 1Þ  RBðX 2ÞProof. The roughness of the union set can be expressed asRBðX Þ ¼
jBðX Þj  jBðX Þj
jBðX Þj ¼
jBðX 1Þ [ BðX 2Þj  jBðX 1Þ [ BðX 2Þ [ ZX 1ðX 2Þj
jBðX 1Þ [ BðX 2Þj
¼ 1 jBðX 1Þ [ BðX 2Þ [ ZX 1ðX 2ÞjjBðX 1Þ [ BðX 2Þj
Cardinality represents the number of elements in a set. For any two crisp sets A and B, we havejA [ Bj 6 jAj þ jBj and jA [ BjP maxfjAj; jBjg
Therefore, the upper limit and lower limit of the cardinality of jBðX 1Þ [ BðX 2Þ [ ZX 1ðX 2Þj, jBðX 1Þ [ BðX 2Þj
could be applied to get the upper limit and lower limit for RBðX ÞRBðX Þ 6 1
maxfjBðX 1Þj; jBðX 2Þj; jZX 1ðX 2Þjg
jBðX 1Þj þ jBðX 2Þj
In order not to lose the generality, assume that jBðX 1Þj > jBðX 2Þj. From the Property 3.3 in [24], we have
ZX 1ðX 2Þ \ ðX 1 [ X 2Þ ¼ ;. HenceRBðX Þ 6 1
jBðX 1Þj
jBðX 1Þj þ jBðX 2Þj 
jZX 1ðX 2Þj
jBðX 1Þj þ jBðX 2Þj 6 1
1
jBðX 1Þj
jBðX 1Þj þ
jBðX 2Þj
jBðX 1ÞjAs jBðX 1Þj > jBðX 2Þj, jBðX 2ÞjjBðX 1Þj 6
jBðX 2Þj
jBðX 2Þj. Considering that aBðX 1Þ ¼
jBðX 1Þj
jBðX 1Þj and aBðX 2Þ ¼
jBðX 2Þj
jBðX 2Þj, we haveRBðX Þ 6 1
1
jBðX 1Þj
jBðX 1Þj þ
jBðX 2Þj
jBðX 2Þj
6 1 aBðX 1ÞaBðX 2Þ
aBðX 1Þ þ aBðX 2Þ
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ship with the roughness of a rough set aBðX Þ ¼ 1 RBðX Þ we haveRBðX Þ 6
1 RBðX 1ÞRBðX 2Þ
2 RBðX 1Þ  RBðX 2Þ
The same conclusion will be drawn if we assume jBðX 2Þj > jBðX 1Þ. The lower limit is obvious according to
the Deﬁnition 2. h
This theorem can also be applied to accuracy of the approximation.
Corollary 1. The accuracy of the union of two sets satisfies1P aBðX ÞP aBðX 1ÞaBðX 2ÞaBðX 1Þ þ aBðX 2Þ
Similar to the set-oriented rough sets, we can also extend this theorem to a union of more than two sets:
Lemma 1. X 1 2 U ;X 2 2 U ; . . . ;Xn 2 U are n sets (n > 2), and their roughness of approximation are
RBðX 1Þ;RBðX 2Þ; . . . ;RBðXnÞ. Their union set X has a roughness of approximation RBðX Þ, then RBðX Þ satisfies
the following condition:0 6 RBðX Þ 6 1
Qn
l¼1ð1 RBðX lÞÞPn
i¼1
Qi1
j¼1ð1 RBðX jÞÞð
Qn
j¼iþ1ð1 RBðX jÞÞ
h iThe proof for this lemma is similar to Theorem 4 and this lemma can also be applied to accuracy of
approximation.
Corollary 2. X 1 2 U ;X 2 2 U ; . . . ;Xn 2 U are n sets (n > 2), and their accuracy of approximation are
aBðX 1Þ; aBðX 2Þ; . . . ; aBðXnÞ. Their union set X has an accuracy aBðX Þ, then aBðX Þ satisfies the following
condition:1P aBðX ÞP
Qn
i¼1aBðX iÞPn
i¼1
Qi1
j¼1aBðX jÞ
Qn
j¼iþ1aBðX jÞ
h i4.2. Intersection of ordinary rough sets
The roughness for the intersection of ordinary rough sets is determined not only by the roughness of the
two operand sets, but also the distribution of the two lower approximation of the two operand sets. As an
example, we consider the intersection set X between sets X 1 and X 2RBðX Þ ¼
jBðX 1Þ \ BðX 2Þ  ZX 1ðX 2Þj  jBðX 1Þ \ BðX 2Þj
jBðX 1Þ \ BðX 2Þ  ZX 1ðX 2Þj
¼ 1 jBðX 1Þ \ BðX 2ÞjjBðX 1Þ \ BðX 2Þ  ZX 1ðX 2ÞjFrom Property 3.6 in [24], we have ZX 1ðX 2Þ  BðX 1Þ \ BðX 2Þ. Therefore, we haveRBðX Þ 6 1
jBðX 1Þ \ BðX 2Þj
jBðX 1Þ \ BðX 2ÞjAccording to the deﬁnition of rough approximation BðX 1Þ \ BðX 2Þ 	 BðX 1Þ \ BðX 2Þ. We have
jBðX 1Þ \ BðX 2ÞjP jBðX 1Þ \ BðX 2Þj, thus0 6 jBðX 1Þ \ BðX 2ÞjjBðX 1Þ \ BðX 2Þj 6 1No matter what the roughness values are for the two operand sets, we havejBðX 1Þ \ BðX 2Þj
jBðX 1Þ \ BðX 2Þj ¼ 0 if jBðX 1Þ \ BðX 2Þj ¼ 0
874 Y. Yang, R.I. John / Internat. J. Approx. Reason. 48 (2008) 868–878andjBðX 1Þ \ BðX 2Þj
jBðX 1Þ \ BðX 2Þj ¼ 1 if jBðX 1Þ \ BðX 2Þj ¼ jB
ðX 1Þ \ BðX 2Þjconsequently, we have 0 6 RBðX Þ 6 1.
This particular case illustrates that in general the roughnesses of the two sets can not bound the roughness
of their intersection. The same conclusion holds for the accuracy of approximation and the roughness of the
intersection of more than two sets.
4.3. Diﬀerence of two ordinary rough sets
Theorem 5. The roughness of the difference set of two sets satisfies the following rules, where X ¼ X 1  X 2,
s ¼ jBðX 2ÞjjBðX 1Þj:
 If jBðX 2Þj 6 jBðX 1Þj, then
0 6 RBðX Þ 6 RBðX 1Þ þ s If jBðX 2Þ > jBðX 1Þj, then the roughness of operands can not bound the roughness of the difference set under
this situation.ProofRBðX Þ ¼
jBðX 1Þ  BðX 2Þ  ZX 1ð:X 2Þj  jBðX 1Þ  BðX 2Þj
jBðX 1Þ  BðX 2Þ  ZX 1ð:X 2Þj
¼ 1 jBðX 1Þ  B
ðX 2Þj
jBðX 1Þ  BðX 2Þ  ZX 1ð:X 2Þj
¼ 1 jBðX 1Þj  jBðX 1Þ \ B
ðX 2Þj
jBðX 1Þ  ZX 1ð:X 2Þj  jðBðX 1Þ  ZX 1ð:X 2ÞÞ \ BðX 2Þj jB ðX 2Þj 6 jBðX 1Þj
Under this situation, we have jBðX 2Þj 6 jBðX 1Þj. ThereforeRBðX Þ 6 1
jBðX 1Þj  jBðX 2Þj
jBðX 1Þj 6 1
jBðX 1Þj
jBðX 1Þj þ
jBðX 2Þj
jBðX 1ÞjConsidering RBðX 1Þ ¼ 1 jBðX 1ÞjjBðX 1Þj and assuming s ¼
jBðX 2Þj
jBðX 1Þj, we haveRBðX Þ 6 RBðX 1Þ þ sThe lower limit is obvious according to Deﬁnition 2.
 jBðX 2Þj > jBðX 1Þj
For this case, we have maxfjBðX 2Þ \ BðX 1Þjg ¼ jBðX 1Þj and maxfjBðX 1Þ  ZX 1ð:X 2Þj  jðBðX 1Þ
ZX 1ð:X 2ÞÞ \ BðX 2Þjg ¼ jBðX 1Þj ThusRBðX Þ 6 1
jBðX 1Þj  jBðX 1Þj
jBðX 1Þj ¼ 1For the lower limit, we haveRBðX ÞP 1
jBðX 1Þj
jBðX 1Þj ¼ 0 A corresponding conclusion exists for accuracy of rough sets.
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 If jBðX 2Þj 6 jBðX 1Þj, then
1P aBðX ÞP aBðX 1Þ  s If jBðX 2ÞP jBðX 1Þj, then the accuracy of operands can not bound the accuracy of the difference set under
this situation where s ¼ jBðX 2ÞjjBðX 1Þj.4.4. Complement of ordinary rough sets
From Section 3, it is clear that there is no diﬀerence between the set-oriented rough sets and other rough
sets in their complement operation. Therefore, Theorem 3 still holds for ordinary rough sets.
Comparing Theorems 4, 5 with 1, 2, the upper bounds in Theorem 1, 2 hold for ordinary rough sets as well.
However, the lower bounds in Theorem 1, 2 do not hold for ordinary rough sets.
Having derived the roughness bounds of set-oriented rough set operations, the next section gives an illus-
tration using examples.5. Examples
To illustrate the bounds of rough sets, we adopt the example in [7].
Example 1: Suppose there are 10 animals in a zoo:U ¼ fa1; a2; a3; . . . ; a10g
The animals need to be classiﬁed as wild and domestic. Assume that only eight animals could be clearly
classiﬁed.
 Wild animals (positive region) W þ ¼ fa1; a2; a4; a7; a9g.
 Domestic animals (negative region) W  ¼ fa3; a5; a10g.
 Unknown animals (boundary region) W 0 ¼ fa6; a8g.
The animals could also be classiﬁed as lion and non-lion and the result is
 Lions (positive region) Lþ ¼ fa1; a7; a9g.
 Non-lions (negative region) L ¼ fa2; a3; a4; a5; a10g.
 Unknown animals (boundary region) L0 ¼ fa6; a8g.
Another classiﬁcation is based on the colors of animals: gray and non-gray. The result is another rough set:
 Gray animals (positive region) Gþ ¼ fa1; a3; a6; a7g.
 Non-gray animals (negative region) G ¼ fa2; a4; a5; a10g.
 Unknown animals (boundary region) G0 ¼ fa8; a9g.
[7] deﬁnes a rough set using its positive and negative region. We convert it into our adopted representation
as follows:
 Wild animals W  ¼ fa1; a2; a4; a7; a9g.
 Possible wild animals W  ¼ fa1; a2; a4; a6; a7; a8; a9g.
 Lions L ¼ fa1; a7; a9g.
 Possible lions L ¼ fa1; a6; a7; a8; a9g.
 Gray animals G ¼ fa1; a3; a6; a7g.
 Possible gray animals G ¼ fa1; a3; a6; a7; a8; a9g.
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jW j  jW j
jW j ¼
7 5
7
¼ 0:29
RBðLÞ ¼
jLj  jLj
jLj ¼
5 3
5
¼ 0:4
RBðGÞ ¼
jGj  jGj
jGj ¼
6 4
6
¼ 0:33We now consider the set operations between these three rough sets W, L and G.
According to Theorem 1, we haveRBðW Þ þ RBðLÞ  1 6 RBðW [ LÞ 6
1 RBðW ÞRBðLÞ
2 RBðW Þ  RBðLÞ
then0:31 < RBðW [ LÞ 6 0:68
Similarly, we have 0:38 < RBðW [ GÞ 6 0:66
 0:27 < RBðG [ LÞ 6 0:68According to Theorem 4, we have0 6 RBðW [ LÞ 6
1 RBðW ÞRBðLÞ
2 RBðW Þ  RBðLÞ
then0 6 RBðW [ LÞ 6 0:68
Similarly, we have0 6 RBðW [ GÞ 6 0:66
0 6 RBðG [ LÞ 6 0:68Theorem 1 gives a lower bound outside [0,1] in this speciﬁc example. Therefore, its result is not more accurate
than Theorem 4 for this speciﬁc example.
We can check this using the union sets. According to [7], the classiﬁcation as gray-lion and non-gray-lion is:
 Gray lions (positive region) ðG [ LÞþ ¼ fa1; a7g.
 Non-gray lions (negative region) ðG [ LÞ ¼ fa2; a3; a4; a5; a10g.
 Unknown animals (boundary region) ðG [ LÞ0 ¼ fa6; a8; a9g.
We have
 Gray lions ðG [ LÞ ¼ fa1; a7g.
 Possible gray lions ðG [ LÞ ¼ fa1; a6; a7; a8; a9g.
Therefore, its roughnessRBðG [ LÞ ¼
jðG [ LÞj  jðG [ LÞj
jðG [ LÞj ¼
5 2
5
¼ 0:600 6 RBðG [ LÞ 6 0:68. It proves that the roughness bound from our analysis does give a good upper bound for
this example. The advantage for this simple example is not obvious, but it could be signiﬁcant when both
operand sets contain huge amount of elements.
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 W and L
We have jLj 6 jW j, thus the roughness bound of the diﬀerence could be determined by Theorem 2RBðW Þ þ ðRBðW Þ  1Þs
1þ ðRBðW Þ  1Þs
6 RBðW  LÞ 6 RBðW Þ þ sTherefore, we have0:24 6 RBðW  LÞ 6 1
Considering Theorem 5, RBðW  LÞ 6 RBðW Þ þ s. Therefore, we have 0 6 RBðW  LÞ 6 1. The two results
are not diﬀerent.
 W and G
Here, we havejW jP jGj and jW j 6 jGj
andjGjP jW j and jGj 6 jW j
According to Theorem 2, the roughness bounds could be determined using the following inequality:RBðX 1Þ þ ðRBðX 1Þ  1Þs
1þ ðRBðX 1Þ  1Þs
6 RBðX Þ 6 1we have 0:64 < RBðW  GÞ < 1
 3:12 < RBðG W Þ < 1According to Theorem 5, the roughness bounds cannot be determined using the roughness of their
operands. However, the deﬁnition of roughness means it has a bound of [0,1]. Therefore, the results from
Theorem 2 are not more narrow than [0,1].
 L and G
Similar to W and G. From Theorem 2, we have 2 < RBðL GÞ < 1
 0:35 < RBðG LÞ < 1With respect to Theorem 5, no bounds narrower than [0,1] could be determined by the roughness of their
operands.
It should be noted that the bounds for diﬀerence operations are not better than their natural bound [0,1] for
this speciﬁc example
The bounds of complementary sets are easy to calculate according to Theorem 3. We have0 6 RBð:W Þ 6 0:7
0 6 RBð:LÞ 6 0:5
0 6 RBð:GÞ 6 0:6The given example is simple but does demonstrate the eﬀect of the proposed roughness bounds. With all these
results, our conclusions are drawn in the next section.
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Some properties of set-oriented rough sets do not always hold for other rough sets. Therefore, the rough-
ness bounds of set-oriented rough sets cannot be applied to other rough sets. In this paper, we investigated the
roughness bounds for ordinary rough set operations. The results show that only a general upper bound of the
roughness of the union between two rough sets could be determined by the roughness of the two operand sets.
In some cases, an upper bound could also be found for a diﬀerence set between two rough sets. Also, the
roughness of the operand sets can not uniquely bound the roughness of their intersection set. The results pre-
sented here show that an upper bound of the set operation can be determined from the operand’s roughnesses
under some operations. This is beneﬁcial for decision making involving a large volume of rough set
operations.
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